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We consider the exchange of spin and orbital angular momenta between a circularly polarized
Laguerre-Gaussian beam of light and a single atom trapped in a two-dimensional harmonic poten-
tial. The radiation field is treated classically but the atomic center-of-mass motion is quantized. The
spin and orbital angular momenta of the field are individually conserved upon absorption, and this
results in the entanglement of the internal and external degrees of freedom of the atom. We suggest
applications of this entanglement in quantum information processing.
PACS numbers: 42.50.Vk, 32.80.Lg
1. INTRODUCTION
The Laguerre-Gaussian (LG) laser modes are known
to possess well-defined, discrete values of orbital angu-
lar momentum per unit energy [1]. The orbital angular
momentum of the field is distinct from the spin angular
momentum associated with the polarization state of the
field. In the paraxial limit, the orbital angular momen-
tum is polarization-independent [2] and arises solely from
the azimuthal phase dependence of the field mode which
gives rise to helical wavefronts.
The interaction of LG modes with atoms has been
studied extensively in the classical limit of the atom as
a point particle [3]. It has been shown that the atom
experiences a torque from the radiation pressure force,
which transfers the angular momentum from the laser
beam to the atom. This effect has been indirectly ob-
served in the nonlinear four-wave mixing of LG modes in
a cold atomic sample [4]. There have also been proposals
to use LG modes to create vortices in Bose-Einstein con-
densates [5,6], where the orbital angular momentum is
transferred from the laser beam to the vortex trap state.
In this paper we consider the interaction of a circularly
polarized LG mode with a single trapped atom whose
center-of-mass (CM) motion is quantized. We take the
trapping potential to be harmonic in two dimensions,
which may be approximated by an optical dipole trap cre-
ated by a doughnut-shaped LG beam [7]. In the paraxial
limit, we know that the angular momentum of the atom-
plus-field system is separately conserved for spin and or-
bital components [8]. We suggest this mechanism as a
means for entangling the internal and external angular
momenta of the atom.
In section 2, we introduce the basis states for the
center-of-mass and electronic degrees of freedom of the
atom. In section 3 we derive the Hamiltonian that de-
scribes the interaction of the atom with a circularly po-
larized LG beam. The quantization of the atomic posi-
tion is made in the limit that the size of the center-of-
mass wave function is small compared to the beam waist.
In section 4 we show how the interaction leads to an
entanglement between the internal and external states
of the atom. Finally in section 5, we consider the rele-
vance of this phenomenon for quantum information ap-
plications.
2. BASIS STATES
The Hamiltonian for a harmonic trapping potential in
two dimensions is
HˆCM =
1
2m
(Pˆ 2X + Pˆ
2
Y ) +
1
2
mν2(Xˆ2 + Yˆ 2), (1)
where m is the mass of the atom and ν is the radial trap
frequency. We assume that the atom is tightly confined
along the trap axis, νz ≫ ν. The Hamiltonian in Eq. (1)
describes two independent one-dimensional harmonic os-
cillators along the Cartesian axes with annihilation op-
erators
aˆX =
1√
2
(
Xˆ
R0
+ i
PˆX
R0/~
)
, (2)
aˆY =
1√
2
(
Yˆ
R0
+ i
PˆY
R0/~
)
, (3)
where R0 =
√
~/mν sets the scale for the radial size of
the trap. Since we are interested in the angular momen-
tum of the atom as a whole, it is convenient to introduce
the operators
aˆ± =
1√
2
(aˆX ∓ iaˆY ), (4)
which serve to raise (aˆ†+ and aˆ−) and lower (aˆ
†
− and aˆ+)
the angular momentum Lz along the trap axis. We can
show that
LˆZ = ~(aˆ
†
+aˆ+ − aˆ†−aˆ−), (5)
1
a+
| χ1,−1>
a
−
a
−
a+
| χ1,1>
| χ0,0>
-
--
-
† †
FIG. 1. Ground and first excited states of the trap
where n+ = 〈aˆ†+aˆ+〉 and n− = 〈aˆ†−aˆ−〉 count the num-
ber of right and left circular quanta respectively. The
Hamiltonian for the two-dimensional oscillator in terms
of these operators is
HˆCM = ~ν(aˆ
†
+aˆ+ + aˆ
†
−aˆ− + 1). (6)
The center-of-mass eigenstates of the atom can be written
in terms of the energy and angular momentum quantum
numbers, N = n+ + n− and M = n+ − n−. For a fixed
value of N ≥ 0, there are N + 1 degenerate angular mo-
mentum states for which M = −N,−N + 2, . . . , N . The
ground state and the first excited states of the trap in po-
lar coordinates, R =
√
X2 + Y 2 and Φ = tan−1(Y/X),
are given by the wave functions
χ0,0(R,Φ) =
1
R0
√
pi
exp
(
− R
2
2R20
)
, (7)
χ1,±1(R,Φ) =
1
R0
√
pi
(
R
R0
)
exp
(
− R
2
2R20
± iΦ
)
. (8)
The energy levels for these states and the corresponding
transition operators are shown in figure 1. The ampli-
tudes of χ1,±1 are shaped in the form of a doughnut with
a null at the center, and the azimuthal phase is deter-
mined by the angular momentum M = ±1. In general,
the χN,M wave functions are given by Laguerre-Gaussian
modes [9].
To describe the internal angular momentum of the
atom, we need to introduce a basis of electronic states.
In this paper we consider the hydrogenic circular states
[10], which have the maximum angular momentum com-
ponent m~ along the z axis for a given principal quan-
tum number n = m+1. Only neighboring circular states
are coupled according to dipole selection rules and hence
these states serve as good approximations to two-level
systems. The internal angular momentum in this basis
is given by
lˆz =
∞∑
m=0
m~ |m〉〈m|. (9)
For ∆m = ±1 transitions, the dipole moment of the atom
in the circular-state basis can be written as
σm
σm
| m>
| m+1>
-
-†
FIG. 2. Atomic circular states |m〉 = |n = m+ 1, m,m〉
dˆm =
1
2
∑
m
dm[(x+ iy)σˆm + (x − iy)σˆ†m], (10)
where dm = e(x−iy)m,m+1 = e(x+iy)m+1,m is the dipole
moment matrix element, and σˆm = |m〉〈m+ 1| is the
lowering operator for the transition between neighboring
circular states. As figure 2 shows, the effect of σˆ†m and
σˆm is to raise and lower the internal angular momentum
of the atom in a given circular state.
3. INTERACTION HAMILTONIAN
The laser field is taken to be in an LG mode (l, p).
These modes are characterized by an angular momen-
tum l~ about the propagation axis, and have p+1 radial
nodes in the transverse intensity distribution [1]. For
simplicity, we consider the p = 0 case, which corresponds
to a doughnut-shaped intensity distribution for l 6= 0.
The transverse profile of the mode at the beam waist w0
is given by
ul(R,Φ) = E l
(
R
w0
)|l|
exp
(
−R
2
w20
+ ilΦ
)
. (11)
We are interested in the limit in which the size of the
trapped atom R0 is small compared to the radius of the
LG mode. This affords a linearization of the interac-
tion Hamiltonian analogous to the Lamb-Dicke limit in
trapping and cooling. In this limit, we are justified in
expanding the LG mode in powers of R/w0,
ul(R,Φ) = E l
(
R
w0
)|l|
exp(ilΦ) +O
[
(R/w0)
|l|+2
]
. (12)
Keeping only the leading-order term in this expansion,
we quantize the atomic center-of-mass position as follows.
For l = ±|l|,(
Rˆ
w0
)
exp(±iΦˆ) = Xˆ ± iYˆ
w0
= η(aˆ†± + aˆ∓), (13)
where η = R0/w0 compares the ground-state trap size
to the beam waist. When η = 0, the atom behaves like
2
a point particle. When η ≪ 1, we can treat the inter-
action Hamiltonian to lowest order in the center-of-mass
position operators for the atom.
To couple neighboring circular states in the atom, we
need a left-circularly polarized field. Using the truncated
form of the LG mode ul in Eq. (12), we write the electric
field on the trap plane for l = ±|l| as
El = E lη|l|(aˆ†± + aˆ∓)|l|(x+ iy) exp(−iωt) + h.c., (14)
where h.c. denotes hermitian conjugate. The coupling
between the LG mode and the trapped atom is described
by the d ·E Hamiltonian. Using the dipole moment and
the field vector from Eq. (10) and Eq. (14), we find that
for l = ±|l|, the interaction Hamiltonian is given by
Hˆint = −dˆ · El
= −~
2
∑
m
η|l|Ωm,l(aˆ
†
± + aˆ∓)
|l|σˆ†m exp(−iωt) + h.c.,
(15)
where Ωm,l = 2dmE l/~ is the Rabi frequency, and we
have used the vector identities (x± y) · (x± y) = 0 and
(x± y) · (x∓ y) = 2.
We now specialize to the case of a two-level system
formed by two neighboring circular states m and m+ 1.
In the interaction picture, the states evolve only accord-
ing to Hint. The atomic operators evolve as σˆm(t) =
σˆm exp[−i(ωm+1− ωm)t], where ωm are the atomic fre-
quencies of the states. Similarly, the center-of-mass op-
erators evolve as aˆ±(t) = aˆ± exp(−iνt), where ν is the
trap frequency. Consider the situation where the field is
tuned to the |l|th sideband below the atomic resonance,
ω = (ωm+1−ωm)− |l|ν. (16)
In the rotating-wave approximation, we ignore counter-
rotating terms in the interaction Hamiltonian and are
left with only the two circular states m and m + 1 con-
tributing to the sum in Eq. (15). Furthermore, if the
field is sufficiently narrow in spectrum compared to the
trap frequency, only the |l|th power of the operators
aˆ± contribute to the interaction in Eq. (15), assuming
η|l|Ωm,l ≪ ν, and we can ignore the cross terms. The
interaction Hamiltonian simplifies to
Hˆint = −~
2
η|l|Ωm,l aˆ
|l|
∓ σˆ
†
m + h.c.. (17)
To interpret the interaction in physical terms, recall that
aˆ†+ and aˆ− raise the center-of-mass angular momentum,
while aˆ†− and aˆ+ lower it. This can be seen from Eq. (5).
Similarly, σˆ†m (σˆm) raises (lowers) the internal angular
momentum of the atom in the two circular states. Thus
the Hamiltonian in Eq. (17) clearly shows that the orbital
angular momentum of the LG mode is transferred to the
external angular momentum of the atom, while the spin
angular momentum associated with circular polarization
is transferred to the internal angular momentum of the
atom. The spin and orbital components are separately
conserved in the paraxial limit.
Choosing the orbital angular momentum of the LG
mode to be positive or negative, l = ±|l|, correlates the
change in the internal and external angular momenta of
the atom, ∆m and ∆M . For example, when l < 0 the
external angular momentum is raised whenever the inter-
nal angular momentum is lowered, and vice versa. The
choice of field frequency in Eq. (16) corresponds to tuning
to the |l|th sideband on the lower side of the atomic res-
onance. This choice governs the parity of the transitions
between the center-of-mass states as shown in figure 1,
and correlates the change in the energy and angular mo-
mentum of the trap, ∆N and ∆M .
4. ENTANGLEMENT
We use Eq. (17) as the starting point for a discussion of
quantum entanglement between the internal and external
angular momenta of the atom in the trap. Consider l =
−1, which gives the left-circularly polarized LG field a
net angular momentum of zero. In this case, the change
in internal and external angular momenta of the atom
are equal in magnitude but opposite in sign. The time
evolution operator in this case is given by
Uˆint(t) = exp(−iHˆintt/~)
= exp[i
ηt
2
(Ωm,−1aˆ+σˆ
†
m +Ω
∗
m,−1aˆ
†
+σˆm)]. (18)
Consider the action of this operator on the state
|m〉|χ0,0〉. Since the internal angular momentum of the
atom can only be raised by σˆ†m, the external angular mo-
mentum has to be lowered by aˆ+. However |χ0,0〉 is the
lowest energy state of the trap and cannot be further
reduced in energy. Hence the state |m〉|χ0,0〉 does not
evolve in time according to this interaction. This restric-
tion does not apply to the state |m+ 1〉|χ0,0〉, since the
atom is in the higher angular momentum circular state to
begin with, and we find Rabi oscillations between states
|m+ 1〉|χ0,0〉 and |m〉|χ1,1〉. To summarize, we find that
Uˆint(t)|m〉|χ0,0〉 = |m〉|χ0,0〉, (19)
Uˆint(t)|m+ 1〉|χ0,0〉 = cos(ηΩt/2) |m+ 1〉|χ0,0〉
+ ieiφ sin(ηΩt/2) |m〉|χ1,1〉, (20)
where we have defined Ωm,−1 = Ωe
iφ. Equations (19)
and (20) give the basic ingredients for quantum control
of the selected internal and external states of the atom.
When the trap is in the ground state and the atom is
prepared in a coherent superposition of the circular states
m and m + 1, a pi-pulse transfers this coherence to the
center-of-mass state of the atom in the trap,
Uˆint,pi : [cm|m〉+ cm+1|m+ 1〉] |χ0,0〉
7→ |m〉 [cm|χ0,0〉+ cm+1|χ1,1〉], (21)
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where we have chosen φ = −pi/2. Alternatively, if the
atom is in the upper circular state m+ 1 and the trap is
in the ground state, a pi/2-pulse creates maximal entan-
glement between the internal and external states,
Uˆint,pi/2 : |m+ 1〉|χ0,0〉 7→
1√
2
[|m+ 1〉|χ0,0〉+ |m〉|χ1,1〉],
(22)
where φ = −pi/2 again. We have to be in the adiabatic
limit where the pulse length is long enough that the spec-
trum does not overlap neighboring trap states in energy.
Equation (22) is the main result of this paper, that
we can in principle generate states of a single atom that
are entangled in internal and external angular momenta
using a circularly polarized LG mode. This is a new form
of entanglement that relies on the conservation of angular
momentum rather than energy. The two observables that
are entangled are Lz and lz, defined in Eqs. (5) and (9)
respectively.
The experimental difficulty is in measuring the quan-
tized center-of-mass state of the atom in the trap. A
direct observation of the trap state may be engineered
as follows. When the atoms are released from an excited
trap state |χ1,1〉, they escape with a net linear momen-
tum in the azimuthal direction, which may be detected by
time-of-flight measurements using a suitably positioned
detector array. An indirect observation of the entangle-
ment present in Eq. (22) is possible using a weak probe
pulse resonant with the circular states m+1 and m+ 2.
In this case, only the state |m+ 1〉|χ1,1〉 is affected by the
pulse, and the absorption of a photon would distinguish
this state from |m+ 1〉|χ0,0〉.
5. DISCUSSION
It is intriguing to consider the application of the ideas
in this paper to quantum information processing. Ry-
dberg circular states are extremely long-lived, with ra-
diative lifetimes of the order of 10 milliseconds even for
n = 30, increasing as n5 for larger n. The two circular
states m and m + 1 may be thought of as a qubit, and
the interaction with the LG mode provides a controlled
coupling to the second qubit formed by the ground and
first excited state of the trap. In this context, Eqs. (19)
and (20) allow arbitrary controlled unitary operations,
where the internal state of the atom plays the role of the
control qubit.
One possibility to scale up this scenario is to consider
two or more atoms individually trapped and manipulated
in this manner. A coupling between two atoms may be
achieved by entangled photons in LG modes, as demon-
strated recently in the parametric downconversion exper-
iment of Ref. [11]. The trap states of each atom can play
the role of an auxiliary or intermediary qubit that enables
information processing in the internal states of the atom.
Decoherence issues involved with trapping and cooling
the atom to the center-of-mass ground state benefit from
the weak coupling of neutral atoms to the environment.
Lastly, we highlight the benefits of going beyond two
internal states (beyond qubits) in the atom. We chose the
circular states because they made a good two-level sys-
tem. However, there are n2 angular momentum states
in the atom for each principal quantum number n, all
of which are degenerate in hydrogen. This allows for
the possibility of simultaneous control of these states and
entanglement with the trap states. Angular momentum
entanglement is particularly suited for large-scale infor-
mation processing in the atom.
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